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We show that fundamental versions of the Deutsch-Jozsa and Bernstein-Vazirani quantum al-
gorithms can be performed using a small entangled cluster state resource of only six qubits. We
then investigate the minimal resource states needed to demonstrate general n-qubit versions and a
scalable method to produce them. For this we propose a versatile on-chip photonic waveguide setup.
PACS numbers: 03.67.-a, 03.67.Mn, 42.50.Dv, 03.67.Lx
In recent years considerable progress has been made in
the realization of quantum technology based on a wide-
range of physical settings [1]. Most notably the demon-
stration of simple logic gates for quantum computing
(QC) has been achieved. However, piecing these logic
gates together in order to perform quantum algorithms
capable of outperforming their classical analogues [2–5] is
still far from being practical. An approach to QC called
the one-way model [6] promises to help overcome this
major problem. Here, a multipartite entangled state, the
cluster state, is used as a resource to perform QC where
the amount of control one needs over a quantum system
is reduced to the ability of performing just single-qubit
measurements. This is an important advantage for a va-
riety of physical systems, such as those using photons,
where already the model’s general features have been ex-
perimentally demonstrated in setups with bulk compo-
nents [7–9]. We are now faced with two key challenges.
The first is to identify the minimal resources needed for
performing quantum protocols so that small-scale algo-
rithms can be demonstrated and eventually scaled up.
Second, it is vital that optimal methods are found for
transferring what has been done in bulk setups to more
practical and ultimately scalable settings [10].
In this work we address these two important chal-
lenges. We show that fundamental versions of the
Deutsch-Jozsa (DJ) [3] and Bernstein-Vazirani (BV) [4]
algorithms can be demonstrated using one-way QC on
a small entangled cluster state of only six qubits. More-
over, we investigate the resources needed for demonstrat-
ing general n-qubit versions of the algorithms. We then
propose a versatile photonic on-chip setup where they
could be realized and eventually scaled-up. Our proposal
represents the first scalable method for demonstrating
these algorithms in the promising context of one-way QC.
Recently on-chip and waveguide setups have started to
gain momentum as prominent settings for full-scale QC.
Here different components - requiring expertise from a
broad range of the physical sciences - must be integrated
together, making this a truly multidisciplinary endeavor.
However, once a given setup is fabricated it is not possi-
ble to change it. Our proposal addresses this problem by
providing an architecture of minimal resources on which
to realize various algorithms.
DJ Algorithm.-We start by briefly reviewing the DJ al-
gorithm [3] which takes an n-bit binary input x ∈ {0, 1}n
and allows one to distinguish two types of function f(x)
that apply the transformation f(x) : {0, ..., 2n − 1} 7→
{0, 1} implemented by an oracle. f(x) is constant if it re-
turns the same value (0 or 1) for all inputs and balanced
if it returns 0 for half the inputs and 1 for the other
half. Classically the oracle must be queried as many as
(2n/2) + 1 times in the worst case. Quantum mechani-
cally only one query is required in all cases.
The quantum algorithm begins with the state
2−n/2
∑
x∈{0,1}n |x〉 |y〉 = |+〉⊗n |−〉, where |y〉 is an an-
cilla qubit, |±〉 = (|0〉 ± |1〉)/√2 and {|0〉 , |1〉} is the
single-qubit computational basis. The oracle applies the
transformation |x〉 |y〉 7→ |x〉 |y ⊕ f(x)〉, producing the
state 2−n/2
∑
x∈{0,1}n(−1)f(x) |x〉 |−〉. Hadamard gates
H = (σx+σz)/
√
2 are then applied to all the query qubits
(σx,y,z are the Pauli matrices), resulting in the state
|ψout〉 = 2−n
∑
z
∑
x(−1)x·z+f(x) |z〉 |−〉 (where x · z is
the bitwise inner-product of x and z). The amplitude for
the state of the query qubits as |0〉⊗n is∑x[(−1)f(x)/2n].
There are two cases: First, if f(x) is constant then the
amplitude for |0〉⊗n is +1 or -1 depending on the con-
stant value f(x) takes. As |ψout〉 is of unit length, all
other amplitudes go to zero. Second, if f(x) is bal-
anced, then the positive and negative contributions to
|0〉⊗n cancel, leaving an amplitude of zero. Therefore
if |ψout〉 = |0〉⊗n is measured, f(x) is constant, other-
wise f(x) is balanced. Thus, only one query is required.
A refined version of the above algorithm has been sug-
gested [12]. Here, one identifies that the ancilla qubit
|y〉 is unentangled both before and after the black box
operation and can be removed [13]. The oracle’s action
then reduces to |x〉 7→ (−1)f(x) |x〉, with the remainder of
the algorithm performed as described above. For a one-
qubit query register (DJ1), the algorithm corresponds to
Deutsch’s problem [3], for which it is known a four-qubit
cluster state can be used [8]. Thus in what follows we
consider the fundamental case of DJ2. We then discuss
the corresponding refined version and finally arbitrary
n-qubit versions.
2FIG. 1: Black box (BB) circuits for the Deutsch-Jozsa algo-
rithm and cluster state. (a) BB’s (i) and (ii) ((iii)-(viii)) cor-
respond to constant (balanced) functions. See Table I for f(x)
in each case. (b): The six-qubit cluster state |ΦC〉 depicting
the input/output logical qubits. The measurements and out-
comes of qubits 1, 3 and 6 constitute the algorithm. The mea-
surements of qubits 2, 4 and 5 (and their feed-forward) are
carried out by the oracle, thus boxes surround these qubits.
Cluster state implementation.- The action of an oracle
is preset or dictated by the outcome of another algorithm
and is known as a promise problem [3]. In order to imple-
ment all the functions that it might use for DJ2, we must
be able to construct them using a combination of quan-
tum gates. In Fig. 1 (a) we show all the oracle functions
in terms of their quantum network. By describing each
as a “black box”, one can see that all eight black boxes
(BB(i)-(viii)) implement their respective oracle function
given in Table I. In order to carry out the algorithm
using these quantum gates, the six-qubit cluster state re-
source shown in Fig. 1 (b) can be used, where one-way
QC is carried out by performing a program of measure-
ments. No adjustment to the resource is necessary; each
BB corresponds to a different measurement program on
the same resource.
For a cluster state two types of single-qubit measure-
ments allow one-way QC to be performed. First, mea-
suring a qubit j in the computational basis removes it
from the cluster, leaving a smaller cluster state of the re-
maining qubits. Second, in order to perform QIP, qubits
must be measured in the basis Bj(α) = {|α+〉j , |α−〉j},
where |α±〉j = (|0〉 ± eiα |1〉)j/
√
2 (α ∈ R). Choosing
the measurement basis determines the rotation Rz(α) =
exp(−iασz/2), followed by a Hadamard operation H ap-
plied to an encoded logical qubit in the cluster residing on
qubit j. With a suitable cluster, any quantum logic op-
eration can be performed using a measurement program
M with an appropriate choice for the Bj(α)’s [14].
The cluster state resource of Fig. 1 (b) is
given by |ΦC〉 = 12√2 [
∣
∣φ+2
〉
12
|0+〉34
∣
∣φ+2
〉
65
+
∣
∣φ−2
〉
12
|1−〉34
∣
∣φ−2
〉
65
], where
∣
∣φ±2
〉
ab
= (1/
√
2)(|+〉 |0〉 ±
|−〉 |1〉). A set of measurement bases for the qubits
in this resource can be used for each BB. In Table I
we provide these bases and feed-forward (FF) opera-
tions [7–9]. Fig. 1 (b) shows the in-out states of the
algorithm, where the logical input corresponding to
|x〉 = |x1〉 |x2〉 = |+〉 |+〉 is encoded on qubits 1 and 6.
The state |y〉 = |−〉 is encoded on qubit 4 using a σz
operation before the measurement program begins: the
resource |Φ′C〉 = (σz)4 |ΦC〉 remains as a cluster state
with the state |x1〉 |x2〉 |y〉 ≡ |+〉 |+〉 |−〉 residing on the
logical input register.
Qubits 2 and 5 in |Φ′C〉 play the pivotal role of
the oracle by performing two-qubit gates between the
logical input states |x1〉, |x2〉 and |y〉. For BB(i),
measuring qubits 2 and 5 in the computational ba-
sis disentangles them from the cluster and |Φ′C〉 is
transformed into (1/2
√
2)(|0〉 + (−1)s2 |1〉)1(|0〉 |−〉 +
(−1)s2⊕s5 |1〉 |+〉)34(|0〉 + (−1)s5 |1〉)6 (where si corre-
sponds to the outcome of qubit i’s measurement). The
logical operation performed by this choice of the oracle’s
measurement basis is 1 ⊗1 ⊗1 (up to FF operations). By
including the H operation applied to the state |y〉 from
the measurement of qubit 4 in the basis B4(0), the over-
all computation results in 1 ⊗ 1 ⊗ H |+〉 |+〉 |−〉 which
is equivalent to |x〉 |y ⊕ f(x)〉 = (1 ⊗ 1 ⊗ 1 ) |+〉 |+〉 |−〉
up to a local rotation H on qubit 3 incorporated into
the FF stage. Qubits 1, 3 and 6 can now be taken as
the output state |x〉 |y ⊕ f(x)〉. On the other hand, for
BB(iii), upon measuring qubit 5 in the B5(pi/2) basis
and qubit 2 in the computational basis, the oracle ap-
plies the gate (Rz(pi/2)⊗ Rz(pi/2))CZ between |x1〉 and
|y〉 [8], where CZ shifts the relative phase of the state
|1〉 |1〉 by pi with respect to the rest of the computational
basis states. Here, |x2〉 remains unaffected. By including
the measurement of qubit 4 again, this gives the com-
putation |x1〉 |y ⊕ f(x)〉 |x2〉 = CNOT ⊗ 1 |+〉 |−〉 |+〉 ≡
[Rz(pi/2)⊗Rz(pi/2)⊗ 1 ][CZ⊗ 1 ][1 ⊗ H⊗ 1 ] |+〉 |−〉 |+〉,
up to local rotations [Rz(−pi/2) ⊗ HRz(−pi/2) ⊗ 1 ]631
incorporated into the FF stage. For BB(v), the roles
of qubits 2 and 5 in the program for BB(iii) are inter-
changed, thus implementing a CNOT between |x2〉 and
f(x) i ii iii iv v vi vii viii
f(0) 0 1 0 1 0 1 0 1
f(1) 0 1 0 1 1 0 1 0
f(2) 0 1 1 0 0 1 1 0
f(3) 0 1 1 0 1 0 0 1
M2 |0/1〉 |0/1〉 |0/1〉 |0/1〉 B(pi2 ) B(pi2 ) B(pi2 ) B(pi2 )M4 B(0) B(0) B(0) B(0) B(0) B(0) B(0) B(0)
M5 |0/1〉 |0/1〉 B(pi2 ) B(pi2 ) |0/1〉 |0/1〉 B(pi2 ) B(pi2 )
FF1 Hσ
s2
z Hσ
s2
z Hσ
s2
z Hσ
s2
z Hχ
s2 Hχs2 Hχs2 Hχs2
FF3 ζ σxζ ζ˜ σxζ˜ ζ˜ σxζ˜ ζσz σxζσz
FF6 Hσ
s5
z Hσ
s5
z Hχ
s5 Hχs5 Hσs5z Hσ
s5
z Hσ
s5
z Hσ
s5
z
TABLE I: Black box outputs for the DJ algorithm and
measurement program Mi for qubit i of the cluster state
with feed-forward operations. The notation |0/1〉 corre-
sponds to a measurement in the computational basis, χi =
σi+s4z Rz(−pi/2), ζ = σs4z σs2+s5x H and ζ˜ = ζRz(−pi/2). The
value sj corresponds to the outcome of qubit j’s measurement.
3|y〉 instead. For BB(g) both qubits 2 and 5 are measured
in the basis B(pi/2), thereby applying a CNOT between
|x1〉 and |y〉, together with one between |x2〉 and |y〉. Fi-
nally, for BB’s (ii), (iv), (vi) and (viii) an additional σx
rotation is applied to qubit 3 at the FF stage using the
measurement programs of BB’s (i), (iii), (v) and (vii) re-
spectively. The initial σz rotation on qubit 4, along with
the measurements and outcomes of qubits 1, 3 and 6
constitute the algorithm, although only the query qubits
need to be measured. The additions to the FF and mea-
surements of qubits 2, 4 and 5 should be viewed as being
carried out entirely by the oracle.
In the refined version of the algorithm one replaces the
ancilla |y〉 with an additional query qubit |x3〉. The ini-
tial Hadamard gate is not required and qubit 4 can be
removed, with qubit 3 as the input for |x3〉. The re-
source requirement is therefore a five-qubit cluster state.
Unfortunately, in this configuration it is not possible to
implement all of the BB’s that the oracle might perform
for DJ3. This point will be discussed in more detail later.
BV algorithm.- In this algorithm [4] an n-bit binary in-
put x ∈ {0, 1}n is used and the problem is to determine
the hidden value s ∈ {0, 1}n of the function fs(x) = s · x
carried out by an oracle. The oracle’s transformation is
fs(x) : {0, 1}n 7→ {0, 1} and classically one needs to make
n queries in order to determine s [4]. This problem can be
seen as a more sophisticated database search compared to
the one in Grover’s search algorithm [5, 15]. Here, the or-
acle plays the role of a database where records are repre-
sented by vectors. Record s is tagged and when the oracle
is queried with a specific record x, it responds by provid-
ing information s ·x signifying the similarity of the guess
to the tagged record [15]. This resembles the response
from a web search-engine, where the pages are usually
ordered by their relevance [16]. Using the BV algorithm
only one query is necessary to find the tagged record. A
similar method to the DJ algorithm is employed using
the same input states. Taking the output state from
the oracle |ψout〉 = 2−n
∑
z
∑
x(−1)x·z+fs(x) |z〉 |−〉 ≡
2−n
∑
z
∑
x(−1)s·x(−1)x·z |z〉 |−〉 we have, using the rela-
tion 2−n
∑
x(−1)s·x(−1)x·z = δs,z, that |ψout〉 = |s〉 |−〉.
Therefore measuring the output query register once re-
veals the value of s. As before, in the refined version, the
ancilla qubit is removed and the oracle transformation is
|x〉 7→ (−1)fs(x) |x〉. The remainder of the procedure is
performed as described above.
BV1 reduces to Deutsch’s problem, thus we consider
the fundamental version of the algorithm as BV2. Here
the required black boxes correspond to BB’s (i), (v), (iii)
and (vii) of DJ2 for s = 00, 01, 10 and 11 respectively.
Thus surprisingly the same cluster state |ΦC〉 can be
used. For the refined version, BV3, qubit 4 is again re-
moved and qubit 3 becomes |x3〉. However, it turns out
that no two-qubit gates are required between the |xi〉’s,
only local σz operations [15]: a cluster state is not nec-
essary for the refined version.
On-chip photonic demonstration.- We now propose a
FIG. 2: Photonic on-chip setup for demonstrating the al-
gorithms. (a): The setup has three regions. (i) Quantum
dot sources (1-6) produce single photons. (ii) A network of
silica-on-silicon waveguide polarizing beamsplitters (PBSs 1-
5) generate the cluster state via interference. (iii) Supercon-
ducting detectors detect the photons. The H’s are Hadamard
gates implemented by liquid crystal (LC) polarization rota-
tors. (b): PBS made of two waveguides with integrated LC.
setup that could be used to generate the cluster state
|ΦC〉 and demonstrate the algorithms. Fig. 2 (a) shows
a network of photonic silica-on-silicon waveguides [17],
where the polarization degrees of freedom of a photon in
mode i embody a qubit with the association |0〉i → |H〉i
and |1〉i → |V 〉i. Initially, photons are generated in
waveguide modes 1 to 6 by optically pumping individ-
ual quantum dots [18] whose emission is directly cou-
pled into the respective waveguide. The photons are
then prepared in the state |+〉 by liquid crystal (LC)
polarization rotators that are voltage-controlled by in-
dium tin oxide (ITO) electrodes [19]. The action of the
polarizing beamsplitters (PBS’s) that follow is to apply
a fuse operation |HH〉〈HH |+ |V V 〉〈V V | on two photon
modes when a single photon exits each output port [20].
This occurs with probability 1/2. The PBS component
is depicted in more detail in Fig. 2 (b), where the re-
gion between two waveguides is filled with LC having no
effect on V -polarized photons but switching those with
H-polarization (see caption for further details) [19]. We
note that such an on-chip component has not been con-
sidered before for quantum processing and could repre-
sent a versatile component in advanced photonic quan-
tum technology [10]. Considering the action of the PBS’s
and polarization rotations H before the detection stage, it
is straightforward to show that if one photon is present
in each mode, leading to one photon at each detector-
pair Di in coincidence, the state |ΦC〉 will be generated
upon detection. All other possibilities do not lead to a
six-photon coincidence and therefore can be post-selected
out. For this purpose we consider superconducting single-
photon detectors [21] embedded within the chip. The
measurement programs are realized at the detector stage
using the final polarization rotator and PBS before each
detector-pair [7–9].
Scalability.- We now investigate extending the method
proposed here for performing arbitrary n-qubit ver-
sions of both algorithms. In order to be able to im-
4FIG. 3: Configuration for DJn and BVn. (a): Graph
state depicting the in-out logical qubits. (b): Construc-
tion by PBS fusion ([|HH〉〈HH |+ |V V 〉〈V V |]12 followed by
1 1 ⊗ H2) from one pair of photons already fused in the state
(1 ⊗H)1/√2[|HH〉+ |V V 〉]23 and two single photons in |+〉.
plement all BB functions for the standard (refined)
DJ algorithm with n ≥ 3, a Toffoli (C2Z) gate [3,
22] is required. A simple example is the balanced
output {f(0), f(1), f(2), f(3), f(4), f(5), f(6), f(7)} :=
{0, 0, 0, 1, 1, 1, 1, 0} for which the standard (refined) ver-
sion requires a Toffoli (C2Z) gate between |x2〉, |x3〉 and
|y〉 (|x1〉, |x2〉 and |x3〉), with |y〉 (|x3〉) the target and
a CNOT (CZ) gate between |x1〉 and |y〉 (|x3〉). For-
tunately, it is always possible to implement a selection
of constant and balanced BB’s for arbitrary n by us-
ing combinations of controllable-CNOT’s [8] between the
query qubits |xi〉 and the ancilla |y〉 (controllable-CZ’s
between the query qubits), as presented for DJ2. This
drastically reduces the resource requirements for demon-
stration purposes. For the BV algorithm one can see
by inspection of the oracle’s action fs(x) = s · x =
(x1 ∧ s1) ⊕ (x2 ∧ s2) ⊕ · · · ⊕ (xn ∧ sn) that it is easily
generalized. In the standard (refined) case, the value of
|xi〉 determines whether or not to apply a σx (σz) opera-
tion to |y〉 (|xi〉). In Fig. 3 (a) we show a graph state [23]
that could be used for demonstrating both DJn and BVn.
In Fig. 3 (b) we show a possible way to scale up the re-
source via fuse operations, which could be realized using
our proposed on-chip setup. Note that as each branch
is created with probability 1/4, the success probability
of generating the state decreases exponentially with n,
however this has no effect on the performance of the al-
gorithms. If needed, more economical generation tech-
niques could be used for large n [20]. With the use of
on-chip photon-number resolving detectors [24] and ap-
propriate network for error-correction one can achieve a
scalable method to demonstrate the algorithms.
We have shown that fundamental versions of the DJ
and BV algorithms can be performed on a six-qubit clus-
ter state and investigated the minimal resources for scal-
ing up to general n-qubit versions. A photonic on-chip
setup was then proposed for realizing our scheme in a
scalable context. The techniques described here could be
applied equally well to other algorithms and protocols.
Although we present an on-chip setting our proposal is
readily applicable to other types of waveguide and bulk
setups. As these settings require researchers from a wide
range of the physical sciences working together, we ex-
pect this study to stimulate progress of practical and scal-
able QC in both a theoretical and experimental capacity.
We thank C. Di Franco and R. Prevedel for comments
and acknowledge support from UK EPSRC and QIP IRC.
Note added.- After this work was written up we became
aware of a related, although not as general, cluster state
experiment using bulk optics [25].
[1] T. D. Ladd et al., Nature 464, 45 (2010).
[2] D. Deutsch, Proc. Roy. Soc. Lond. A 400, 97 (1985).
[3] D. Deutsch and R. Jozsa, Proc. R. Soc. Lond. A 439,
553 (1992).
[4] E. Bernstein and U. Vazirani, Proc. 25th Ann. ACM
Symp. Theory Comp., ACM, San Diego, CA 1993, p11.
[5] P. Shor, SIAM J. Comput. 26, 1484 (1997); L. K. Grover,
Phys. Rev. Lett. 79, 325 (1997).
[6] R. Raussendorf and H. J. Briegel, Phys. Rev. Lett. 86,
5188 (2001); R. Raussendorf, D. E. Browne, and H. J.
Briegel, Phys. Rev. A 68, 022312 (2003).
[7] P. Walther, et al., Nature (London) 434, 169 (2005).
[8] R. Prevedel, et al., Nature (London) 445, 65 (2007); R.
Prevedelet al., New J. Phys. 9, 205 (2007); M. S. Tame
et al., Phys. Rev. Lett. 98, 140501 (2007); Y. Tokunaga
et al., ibid. 100, 210501 (2008).
[9] K. Chen et al., Phys. Rev. Lett. 99, 120503 (2007); G.
Vallone et al., ibid. 100, 160502 (2008); D. N. Biggerstaff
et al., ibid. 103, 240504 (2009); G. Vallone et al., Phys.
Rev. A 78, 042335 (2008).
[10] J. L. O’Brien, A. Furusawa and J. Vuckovic, Nature Pho-
tonics 3, 687 (2009).
[11] E. Brainis et al., Phys. Rev. Lett. 90, 157902 (2003); P.
Londero et al., Phys. Rev. A 69, 010302(R) (2004).
[12] D. Collins, K. W. Kim and W. C. Holton, Phys. Rev. A
58, R1633 (1998).
[13] There are issues regarding the validity of this refinement.
One criticism [11] is that refined versions do not reduce
to the standard classical case in the correct limit.
[14] For an introduction to one-way QC, see Refs. [6, 7].
[15] D. A. Meyer, Phys. Rev. Lett. 85, 2014 (2000).
[16] B. Yuwono and D. L. Lee, in Proc. 12th Int. Conf. Data
Eng., IEEE Comp. Soc., New Orleans, 1996, p164, edited
by S. Y. W. Su; M. P. Courtois and M. W. Berry, Online
23, No. 3, 39 (1999).
[17] A. Politi et al., Science 320, 646 (2008).
[18] A. J. Shields, Nature Photonics 1, 215 (2007).
[19] Q. Wang, G. Farrell and Y. Semenova, IEEE Sel. Top.
Quant. Elec. 12, 1349 (2006); Q. Wang and G. Farrell,
J. Opt. Soc. Am. A 24, 3303 (2007).
[20] D.E. Browne and T. Rudolph, Phys. Rev. Lett. 95,
010501 (2005); A.-N. Zhang et al., Phys. Rev. A 73,
022330 (2006); D. Gross, K. Kieling, and J. Eisert, ibid.
74, 042343 (2006).
[21] R. H. Hadfield, Nature Photonics 3, 696 (2009).
[22] M. S. Tame et al., Phys. Rev. A 79, 020302(R) (2009).
[23] M. Hein et al., Proc. Int. Sch. Phys. E. Fermi “Quantum
Computers, Algorithms and Chaos”, Varenna, 2005.
[24] A. Divochiy et al., Nature Photonics 2, 302 (2008).
[25] G. Vallone et al., Phys. Rev. A 81, 050302(R) (2010).
